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O L L  MIXING PROCESSES I N  SUPERSONIC COMBUSTION* 1 2  - -  

1. Introduct ion.  In  the  l a t t e r  y e a r s  of h i s  sc ien t i f ic  act ivi ty ,  P r o f .  

von K a r m a n  was  g r e a t l y  in t e re s t ed  i n  the f ie ld  of f lu idynamics  a s soc ia t ed  

with chemica l  r eac t ions ,  which he  described with the word a e r o t h e r m o -  

chemis t ry .  In honoring him t o d a y ,  w e  f ee l  i t  app ropr i a t e  to  p re sen t  h e r e  1 

s o m e  work i n  t h i s  f ie ld  pe r fo rmed  by a group  of s c i e n t i s t s ,  who worked 

i following h i s  i n sp i r a t ion  under  the d i rec t ion  of the sen io r  author .  "is % . .. 
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w o r k  was  p e r f o r m e d  at the Genera l  Applied Science Laborator ies . ,  f ~ k . ,  
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of which he  had been  one of the founders  and with which he h a d  bee:i  assoc ia t ed .  

The  specif ic  problem d i s c u s s e d  h e r e  h a d  always b e e n  of grea t  i r t e r e s t  
6 , ,  

' t o  h i m  because  of h i s  s t rong  belief in  the n e c e s s i t y  of uti l izi-ig veh ic l e s  

I, with a i r -brea th ing  engines  for hypersonic  fl ight and for the f i r s t  stages 

I i of launching of space  vehicles .  
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, , ' The problem of burning i n  a s t r e a t n  moving at  supe r son ic  specds  is  

of p rac t i ca l  i n t e r e s t  f o r  the design of r a m  cng ines  moving at hype r son ic  

vc loc i ty  because  supe r son ic  combustion s impl i f i e s  the  aerodynamic  anc; 

s t r u c t u r a l  design of the  engine. 

Cons ide r  s chemat i ca l ly  a c l a s s i c a l  r a m j e t  engine as shown i n  
K 

* The work p resen ted  h e r e  has been  suppor ted  in p a r t  b y  the following 
c o n t r a c t s :  A. F. Office of Scientific R e s e a r c h ,  AF-49(638)-991, Contr . ic t  
,Off. Dr. B. Wolfson; A i r  Sys t ems  Div. , N P A F B ,  AF-33(657)-10463, Con-  
t r a c t  Off. Lt. K. C r o s s l e y ;  N A S A ,  G . C .  iMarshal1 Space Flight C e n t e r ,  
N A S  8 - 2 6 8 6 ,  Cont rac t  Off. Mr. W. Dahm. The au thor s  wish to  acknowltdgc 
the contr ibut ions of M e s s r s .  D. Magnus,  G. Ble ich  apd J. Tamagno to the 
m a t e r i a l  p re sen ted  here in .  
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T h e  engine is composed of a n  inlet  that d e c e l e r a t e s  the air  F i g u r e  1. 

. t o  subsonic  velocity.  F u e l  i s  added to  the s t r e a m  in the b u r n e r .  T h e r e  

the s t a t i c  t e m p e r a t u r e  of the air i n c r e a s e s .  T h e  expansion of the s t r e a m  

in the nozzle produces  high veloci t ies  and the re fo re  th rus t .  
A 

A s  the flight Mach n u m b e r  i n c r e a s e s  the p e r f o r m a n c e  of such  a n  

engine d e t e r i o r a t e s ;  the efficiency of the inlet  d e c r e a s e s  (because  of 

shock l o s s e s ,  and at the same  t ime the s t a t i c  ' t empera tu re  i n  the b u r n e r  * 

before  combust ion rapidly inc reases .  Under  these  conditions the' addi-  

tion of fue l  in the b u r n e r  produces  s m a l l  changes and even  poss ib le  re- 

ductions in  the t e m p e r a t u r e  of the air because  of fo rma t ion  of i n t e r -  

m e d i a t e  reac t ion  p roduc t s  s u c h  as a t o m s  and f r e e  r ad ica l s  which cannot 

recombine  a t  this  high t e m p e r a t u r e .  A s  a consequence,  the l a r g e s t  

part of the  hea t  release d o e s  not occur  in the b u r n e r  but i n  the nozzle,  

du r ing  the  expansion p rocess .  In  F ig .  2, a typical  va r i a t ion  of the s t a t i c  
P 

t e m p e r a t u r e  of the  air as a funct ion of Mach number  before  combust ion 

is given fo r  equi l ibr ium conditions. 

d e c r e a s e  in engine e f f ic iency  as evidenced by the b&av io r  of the spec i f ic  

T h i s  f igure  a l s o  i l l u s t r a t e s  the s t rong  

impulse- ( thrus t  p e r  unit weight of fuel)  obtainable with the subsonic  

engine.  

T h e  s t r u c t u r a l  p rob lems  related to  such a n  engine des ign  a l s o  become 

e x t r e m e l y  complex because  of tke l a r g e  hea t  t r a n s f e r  in  the  b u r n e r  

region due to  the high s t a t i c  p r e s s u r e  and because  the area of the m i n i -  

mum sec t ions  of the nozzle and inlet m u s t  be var ied  as a function of the 

Mach  number .  
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A carefu l  study of the problem indicbtes  that  the subsonic  approach  

does  not appea r  p romis ing  for  hypersonic  flight. 

approaches  have been suggested for r a m j e t s  using combust ion occur  - 

r ing  i n  a supe r son ic  flow field.  One approdch that  a p p e a r s  quite p r o -  

mis ing  i s  that  by the sen io r  author suggested in  R e f .  1 uti l izing diffusive 

mixing as a cont ro l  m e c h a n i s m  f o r  combustion of two reac t ing  s t r e a m s  

moving supersonica l ly  i n  the same  gene ra l  d i r ec t ion  [F ig .  3 ) .  One 

s t r e a m  cons i s t s  of a i r ,  the other  of gaseous fuel ;  the two s t r e a m s  m i x  

and reac t .  

S e v e r a l  different  

If the reac t ion  is fast and the losses  due to  mixing a r e  small 

then i t  is  found that  the sys t em can be v e r y  efficient a t  high Mach numbers .  

In o r d e r  t o  obtain f a s t  reac t ion  the f r e e  s t r e a m  air m u s t  be dece le ra t ed  

to  lower  supe r son ic  speeds  so that the s t a t i c  t e m p e r a t u r e  of the a i r  i n  

the mixing reg ion  is inc reased  sufficiently. Th6 dece le ra t ion  is a c c o m -  

plished by m e a n s  of an  inlet .  However,  in th i s  s c h e m e  the m o s t  i m p o r -  

tant  de te rmining  p a r a m e t e r  i s  the s t a t i c  t e m p e r a t u r e  of the a i r  and @ot 

the Mach numoer  a t  the b u r n e r ;  therefore ,  a constant geometry  inlet  

with fixed contract ion r a t io  can be used because  as the fl ight Mach 

number  i n c r e a s e s ,  the Mach number  a t  the bu rne r  s ta t ion r equ i r ed  t o  

main ta in  the ignition t empera tu re  n e c e s s a r y  f o r  re l iab le  combustion 

a l s o  i n c r e a s e s .  

tangent ia l ly  to  the s t r e a m ,  and at high velocity.  

In o r d e r  t o  minimize  mixing l o s s e s ,  the fuel  i s  injected 

A v e r y  convenient fue l  

fo r  th i s  appl icat ion is hydrogen because of i t s  high spec i f ic  impulse  as 
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as  well a s  because  of i t s  a t t rac t ive  cool ing  capabi l i t i es .  However ,  

o the r  f u e l s  can  be uti l ized for  va r ious  spccif ic  appl icat ions.  

The mixing of the two high vtblocity s t r e a m s  of fuel and air m u s t  

o c c u r  i n  a s h o r t  t ime.  If the  p r e s s u r e  and t e m p e r q t u r e  a t  the mixing 

reg ion  i s  sufficiently high, the  mix tu re  r e a c t s  a l m o s t  ins tan taneous ly ,  

After combustion the flow i s  expanded in a nozLle i n  which the flow 

r e m a i n s  supe r son ic  throughout.  The t i m e  avai lable  for r eac t ion  i n  

p rac t i ca l  b u r n e r  lengths  is  of the o r d e r  of 10 to  seconds  because  -4  

i n  the hypersonic  fl ight r e g i m e  the g a s e s  i n  the engine move at veloc i t ies '  

of the o r d e r  of l o 4  f t / s e c .  Simple f ixed geo tne t ry  engines  which have 

v e r y  a t t r ac t ive  pe r fo rmance  capabi l i ty  c a n  be designed b a s e d  on such  

r equ i r emen t s .  Typical  engine pe r fo rmance  at ta inable  on the basis of 

a cyc le  ana lys i s  for a fixed ; t -ometry engine a re  shown i n  F i g u r e s  4 

and 5 ( taken  f r u r r i  Reference 2) .  F ig i i r e  4 g i v c s  the flow p r o p e r t i e s  
l 

a t  the b u r n e r  r eg ion  for  the vngine as  a function of Mach number.  F ig -  

u r e  5 g ivese the  spec i f ic  i m p u l s r  of t h e  fuel  and of the air. T h i s  engine 

s c h e m e  p r o m i s e s  fu tu re  maximum spec i f ic  i m p u l s e s  of the o r d c r  of 2000 

s e c .  T h i s  is  a l m o s t  as good a s  that  obtainable  with chemica l  rocke t  

engines .  A detai led d i scuss ion  of the p rob lems  r e l a t e d  t o  the engirie 

des ign  and of the p rac t i ca l  possibi l i ty  of such  a configurat ion h a s  bcen 

g iven  i n  Ref. 1 and a m o r e  up-to-date  ana lys i s  of such  p r o b l e m s  is  p r e -  

sen ted  i n  the Seventh Lanches t e r  L e c t u r e  del ived t o m o r r o w  i n  London, 
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by the sen io r  author  (2ef .  2) .  In th i s  p a p e r  s o m e  of the ana ly t ica l  

approachesadevelopcd  in r e l a t i o n  t o  the f luidynamic and chemica l  p rob -  

l e m s  will be r ev iewed  i n  s o m e  detai l .  

2. Combustion P r o c e s s e s  Control1t.d by Mixing. In the  mixing 

* p r o c e s s  of two s t r e a m s  moving i n  a p a r a l l e l  d i rec t ion ,  va r ious  t r a n s -  

por t  m e c h a n i s m s  take  place,  including diffusion of spec ie s ,  conduct ion 

of hea t  and exchange of mornenturn between the two fluids.  E i t h e r  the 

m a s s  diffusion p r o c e s s  or  the thcrtn;il d i f fusion p r o c e s s  a s soc ia t ed  with 

mixing c a n  be used i n  o r d e r  to  Kctierate a s tab le  combust ion  p r o c e s s .  

These  two d i f fe ren t  m e c h a n i s m s  f o r  control l ing combust ion  e a c h  have 

p rac t i ca l  i n t e r e s t ,  with application, howcver ,  to  different  speed  r anges .  

The diffusion of s p e c i e s  i s  a m o r e  sui table  .mcchansiin fo r  obtaining 

eff ic ient  combust ion  con t ro l  at high fl ight Mach n u m b e r s ,  w h e r e a s  the 

t h e r m a l  t r a n s p o r t  c a n  be used to  cont ro i  combust ion  i n  the lower  r ange  

of fl ight Mach nutnber  o r  when the c h e m i c a l  r eac t ions  a r e  slow. 

In o r d e r  t o  c l a r i f y  the diffcrcnce betwc1t.n the two control l ing p r o -  

c e s s e s  cons ide r  a je t  of a g a s  d ischarg ing  into the flow of a different  

gas moving a t  supe r son ic  s p e c d  ( F i g .  0) .  For the high va lues  of fl ight 

Mach number ,  one of the s t r e a m s  will bc "pure" air which h a s  been  dc,ccl- 

c r a t e d  to  lower  Mach nutnber  and t h e r e f o r e  h a s  high static ternperaturtx,  

while the second is  gaseous  fuel a l s o  a t  high t e m p e r a t u r e ,  poss ib ly  b c -  

c a u s e  i t  has been  used  for cooling the s t r u c t u r e .  The mixing of the  two 

g a s e s  is gradual .  Because  of the high s t a t i c  t e m p e r a t u r e  in  the mixing 
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region and the l a rge  consequent  reac t ion  r a t e s ,  combust ion takes  place 

v e r y  rapidly.  F o r  prac t ica l  values of s t a t i c  p r e s s u r e  and t e m p e r a t u r e ,  

the m a s s  diffusive mixing p r o c e s s  i s  much s lower  than the r eac t ion  p r o -  

c e s s ;  t h e r e f o r e  the mixing i s  the controll ing mechan i sm for  the hea t  r e l e a s e .  

A r e q u i r e m e n t  for  such  a combust ion p r o c e s s  i s  that  the air s t r e a m  be de -  

ce l e ra t ed  to  sufficiently lower  (but s t i l l  supersonic)  Mach number  and high 

s t a t i c  t e m p e r a t u r e  so that  the react ions become v e r y  fast. The combust ion 

length in this  c a s e  is then de te rmined  by the mixing length. 

A t  lower  flight Mach n u m b e r s ,  the max imum s t a t i c  t e m p e r a t u r e  that 

c a n  be r eached  by decelerat ing the a i r  s t r e a m  i s  not sufficiently high to 

produce high react ion r a t e s .  

t o ry  unless  the fuel is a t  much higher t e m p e r a t u r e  than the air. 

The re fo re ,  such  a mechan i sm is not s a t i s f ac -  

In this c a s e ,  

hea t  t r a n s p o r t  can  be used  for  the combust ion cont ro l ,  

combust ion control  by t h e r m a l  t r a n s p o r t  we can cons ider  a s t r e a m  of a p r e -  

A s  a n  example  of 
I 

8 

mixed combust ib le  g a s ,  such a s  a i r  and hydrogen ,  and a s s u m e  that  a s m a l l  

pilot  j e t  of p recombus ted  g a s  having v c r y  high s ta t ic  t e m p e r a t u r e  of the fuel ' 

mixture.  Because  of this  high local  t e m p e r a t u r e ,  r eac t ion  is ini t ia ted.  Heat  -.- -c - .  
i s  produced local ly  that  t ends  to ba lance  the cooling on the boundar ies  of the 

pilot f lame caused  by the mixing p r o c e s s .  

is l a r g e  enough to at l e a s t  balance the cooling produced by mixing ,  then the 

combust ion continues and the flame extends  into the p r e m i x e d  g a s .  

If the hea t  produced  by the reac t ion  

Examples of the two different types  of combust ion a r e  indicated in  

F i g u r e s  6 and 7. F i g u r e  6a indicates  s chemat i ca l ly  the g e o m e t r y  of the 
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a p p a r a t u s  and the f l ame  shape.  

s t r e a m  in this c a s e  is sufficiently high to s t a r t  combust ion ,  

The a i r  t e m p e r a t u r e  of the ex te rna l  

The s t a t i c  

t e m p e r a t u r e  i n c r e a s e s  rapidly and combust ion t akes  place a s  sooh a s  

mixing occur s .  F i g u r e  6b i s  a photograph of the f l ame  obtained expe r i -  

menta l ly  f o r  this c a s e .  The cxpc r imen t s  a r e  taken f r o m  Refe rence  3.  

F i g u r e  7a indicates  schematical ly  the g e o m e t r y  and the f lame shape  for  

the second c a s e .  

The cen t r a l  j e t  has  been obtained by combust ing fuel with an  oxidizer  a t  

In this  c a s e ,  the cen t r a l  j e t  h a s  v e r y  high t e m p e r a t u r e s .  
1 

subsonic  speed.  

because  of the loca l  hea t  r e l ease  a t  the mixing zone. 

The ex te rna l  flow i s  cold,  however  the f lame continues 

F i g u r e  7b shows a 

photograph of a f l ame  obtained exper imenta l ly  for  this  condition at GASL. 

This  second p r o c e s s  is of i n t e re s t  because  i t  indicates  that  supe r son ic  

combust ion can  be gene ra t ed  a l s o  when the s t a t i c  t e m p e r a t u r e  is low and 

can be controlled by a mixing process .  F u r t h e r m o r e ,  this  s cheme  can  be 

useful  when the reac t ion  r a t e s  a r e  s m a l l  as in the c a s e  of hydrocarbon com- 

bus  tion p roce  s se  s . 
3.  Qualitative Descr ip t ion  of the Mixing P r o c e s s  in  P r e s e n c e  of Chemica l  

Reac t ion .  

complex because  of the many fluidynamic and c h e m i c a l  p a r a m e t e r s  involved. 

The problem of the mis ing  of two reac t ing  gases  i s  e x t r e m e l y  

The s i m p l e s t  possible  c a s e  that can bc cons ide red  is when the p r o c e s s  i s  

approx ima te ly  two-dimensional  o r  axial ly  s y m m e t r i c ,  and this  c a s e  i s  indica-  

ted  schemat i ca l ly  in  F i g u r e  8. 

of a i r  moving at supe r son ic  speed. 

A j e t  of gaseous  fuel  is injected in a s t r e a m  

I 
The ve loc i ty  v e c t o r s ,  V and V 2  of the 1 
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air and of the fuels a r e  d i f f e ren t  but have approximate ly  the s a m e ' d i r e c -  

tion. 

T1 and T a re  different.  

s y m m e t r y  or a n  a x i s  of symmet ry  or a wall .  

reg ions  of the flow can  be defined; the l ine  AA divides  the reg ion  in which 

the fluid is  air ( reg ion  1) f r o m  the reg ion  2 where  the fluid contains  the 

e l emen t s  n i t rogen]  oxygen, and hydrogen. Line A B  fu r the r  divides  the 

region in which the fluid is pure  hydrogen f rom the reg ion  2 where  a mix-  

t u r e  ex i s t s .  

The s t a t i c  p r e s s u r e s  a t  the ex i t  a re  equal  and the s t a t i c  t e m p e r a t u r e  

The line a - a of F igu re  8 is e i the r  a p l ine  of 
2 

The two g a s e s  mix. S e v e r a l  

For th i s  s imple  mixing problem two limiting c a s e s  can  be  cons idered  

ana ly t ica l ly ,  the f i r s t  l imiting case  co r re sponds  to the a s sumpt ion  tha t  the 

two g a s e s  do not r e a c t .  

be ana lyzed  on the b a s i s  of mixing theo r i e s  using boundary l a y e r  types of 

'equations.  In such an a n a l y s i s ,  i f  the mixing is of l amina r  type ,  the ana lys i s  

Then thc p r o c e s s  is a pu re  mixing p r o c e s s  that can 

can  be pe r fo rmed  e i the r  numer ica l ly  without necess i ty  of addi t ional  s impl i -  

f icat ions or analyt ical ly  by simplifying the descr ip t ion  of the t r a n s p o r t  p rope r  - 

t i e s .  

p r o p e r t i e s  m u s t  be obtained f rom addi t ional  exper imenta l  s tud ies .  

ana lys i s  of this type of problem r e q u i r e s  subs tan t ia l  extension of exis t ing 

methods  because  of the low molecular  weight of the hydrogen which affects  

the t r a n s p o r t  p rope r t i e s .  U s e  of c l a s s i c a l  types of a n a l y s i s  which em?loy 

s impl i f ied  o r  mixing length theor ies  for r ep resen ta t ion  of the t r a n s p o r t  p rope r -  

ties give unsa t i s fac tory  r e s u l t s ,  

If the mixing is turbulent ,  then information concerning the t r a n s p o r t  _. 
- >3 

The 

The second l imit ing case c o r r e s p o n d s  to 
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the a s sumpt ion  tha t  the g a s e s  rc;rct imrr ied ia tc ly ,  i . e . ,  the r eac t ion  r a t e s  

a r e  inf ini te ly  fas t .  

d i a g r a m s  can  be used  to  de t e rmine  the n u m e r i c a l  re la t ionships  be tween 

p r e s s u r e ,  dens i ty ,  t e m p e r a t u r e ,  t o t a l  enthalpy and composi t ion.  In th i s  

second l imit ing c a s e ,  additional r eg ions  and  a n  addi t ional  l ine can  be  defined 

in the flow cal led the "flame sheet"  ( l ine  A D  of F ig .  9).  

2a is oxygen r i c h ,  containing only w a t e r  v a p o r ,  oxygen and  n i t rogen  w h e r e a s  

in  reg ion  2b the  g a s  is hydrogen r i c h ,  and  conta ins  w a t e r  v a p o r ,  n i t rogen  

and  hydrogen. 

adequate  desc r ip t ion  of the m i s i n q  p r o c e s s .  

that in the usua l  mixing type of a n a l y s i s ,  using boundary  l aye r  t ypes  of 

equat ions  a r e q u i r e d  assumpt ion  is that the p r e s s u r e  does  not change  

s t rong ly  in the d i r ec t ion  no rma l  to  the s t r e a m l i n e s .  

n e c e s s a r i l y  the c a s e  in a combustion p r o c e s s  w h e r e  l a r g e  va r i a t ions  of 

dens i ty  o c c u r  local ly .  Such va r i a t ions  of dens i ty  a r e  concen t r a t ed  in  the 

r eg ion  of l a r g e  hea t  r e l e a s e  and produce  l a r g e  deviat ions of s t r e a m l i n e s  

a n d  t h e r e f o r e  va r i a t ions  of p r e s s u r e .  The  p r e s s u r e  d i s tu rbances  t r a v e l  

approx ima te ly  along Mach waves of the flow. T h e r e f o r e  the a s sumpt ion  

in t roduced  in  the boundary  l aye r  type of a n a l y s i s  is not  just i f ied.  

In th i s  c a s e  loca l  equi l ibr ium e x i s t s  s o  tha t  Mol l ie r  

The flow in  r eg ion  

Consequently the r ema in ing  conce rn  is only with the 

HGwever, i t  m u s t  be  noted 

This  is not  

In the c a s e  of chemica l  equi l ibr ium,  the p r e s s u r e  var ia t ion  inf luences 

the t r a n s p r t  p r o p e r t i e s  and changes the m i x t u r e  composi t ion  and  t h e r e f o r e ,  

the a s sumpt ion  of cons tan t  p r e s s u r e  at a n y  given c r o s s  sec t ion  can  be 

mis l ead ing .  In addition the p r o c e s s  of combust ion  in a confined flow is 

q u i t e  d i f f e r e n t  f r o m  the  s implif ied p i c tu re  of f r e e  mixing c o n s i d e r e d  above , 
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because  of the p r e s e n c e  of thc !>iirner wal l s .  Two d i f fe ren t  s e t s  of 

modi f ica t ions  m u s t  be introduced in  the ana lys i s  in o r d e r  to obtain 

c o r r e c t  in format ion  on the actual  behavior  of the f l ame .  

(i) 

(ii) the assumpt ion  of constant  s ta t ic  p r e s s u r e  in the n o r m a l  d i rec t ion  

finite r a t e s  of chemica l  reac t ion  m u s t  be  c o n s i d e r e d ,  
# 

t o  the s t r e a m  m u s t  be r emovcd ,  and the effect  of e x t e r n a l  boundary 

condi t ions m u s t  be in t roduced .  

The f i r s t  s e t  of modif icat ions imposes s e v e r e  compl ica t ions  on the 

n u m e r i c a l  ana lys i s .  

combust ion p r o c e s s  m u s t  be defined. 

m u s t  be obtained exper imenta l ly .  

Fir s t  the va r ious  chernical  r e a c t i o m i m p o r t a n t  for  the  

Then the chemica l  r eac t ion  r a t e s  

Then an ana ly t ica l  p rocedure  m u s t  be 

e s t ab l i shed ,  w h e r e  the local  composition of d i f fe ren t  s p e c i e s  i s  de t e rmined  

f r o m  the finite r a t e  chemica l  p rocess  and not on the basis of loca l  

equi l ibr ium p r o p e r t i e s  taken f rom a Moll ier  d i a g r a m .  

The  secvnd s e t  of modif icat ions is r equ i r ed  when combust ion in  a duct  

is  cons ide red  a s  s chemat i zed  i n  FigLire 10.  

inject ion s y s t e m ,  the p r e s s u r e  g rad ien t s  gene ra t ed  by the  mixin,: and  

combust ion p r o c e s s e s  and the p re sence  of e x t e r n a l  w a l l s ,  r e q u i r e  tha: 

the  propagat ion of p r e s s u r e  d i s tu rbances  i n  the p r e s e n c e  of the mixing 

p r o c e s s  be cons idered .  

p r o b l e m s  a r e  t rad i t iona l ly  analyzed by  using a boundary  l a y e r  type of 

approximat ion .  

p r e s s u r e  d is t r ibu t ions  i m p o s e s  such  a l a r g e  complicat ion on the ana lys i s  

that i t  becomes manda to ry  at this s tage  of the p rob lem to u s e  n u m e r i c a l  

The n o n - z e r o  angular i ty  of the 

Such a n  approach  i s  somewhat  new s ince  v i scous  

The introduction of finite r a t e  c h e m i s t r y  and  of non-uniform 
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procedure  s for the inve s tig ;L t i  oil. 

In  the following sec t ions  some of the p r o c e d u r e s  developed in 

connection With the foregoing concepts  will  be desc r ibed .  

cor& ined e f f e c t s  of mul t i -d imens iona l  a e r o d y n a m i c s ,  diffusion p r o c e s s e s  

Since the 

and f ini te  r a t e  c h e m i s t r y  must  be t r e a t e d ,  a t r emendous  expendi ture  of 

c omputing t ime  m a y  be ant ic ipated u n l e s s  spec ia l  computing methods  a r e  

devised .  Some new approaches  su i ted  to this type of ' p r o b l e m  which 

e l imina te s  n u m e r i c a l  instabil i t ic s i n  the ca lcu la t ions  due to  finite r a t e  

c h e m i s t r y  will  be desc r ibed .  

n u m e r i c a l  p rocedures  had to be takcn  and will be d i s c u s s e d  h e r e .  

f i r s t  s t e p  i s  r e l a t ed  to  the descr ip t ion  of finite rate chemica l  r eac t ions .  

In this  phase  of thc ana lys i s  the ;Issumption can be introduced tha t  the  

concent ra t ion  of e l e m e n t s  does n o t  c i u n g e  a l o n g  a n y  g iven  stream line, 

so that mixing p r o c e s s e s  can bib ignorcxd. 

Three  pr inc ipa l  s t e p s  r e l a t e d  to the 

The 

In the second s t e p  the above one d imens iona l  c h e m i s t r y  is combined 

with mixing using a boundary layer  type of ana lys i s .  

In the t h i rd  s t e p  two-dimensional  or  ax ia l ly  s y m m e t r i c  combust ion 

. p r o c e s s e s  a r e  cons ide red  which take place within r ig id  boundar ies  and  

with l a r g e  p r e s s u r e  g rad ien t s .  

S t e p  0ne:One-Dimensional  Finite Ra tc  Chem i s t r y .  

w i sh  to d i s c u s s  the na tu re  of the chemica l  s y s t e m  in the absence  of mixing 

In this  sec t ion  w e  - -__ __r__-- - --- 
4 

o r  diffusion effects .  The bas i c  concepts  gdverning this  idea l ized  c a s e  
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a r e  the conservat ion of s p c c i ~ * s ,  rnoi-ncntdrn and e n e r g y  w r i t t e n ,  

respec t ive ly  (Ref. 4 ,  5,  6 )  

b 

i =  1 .... N 

w h e r e  the m i x t u r e  densi ty ,  c i  thc: Incan (mass)  velocity,  H the 

to ta l  enthalpy,  p the p r e s s u r e ,  ai the IT;;LSS i rac t ion  of the i - th  s p e c i e s  

a n d  

vol. 

the chemica l  r a t e  of proc!iic:ion u i  the i - th  s p e c i e s  in r n o l e s / s e c -  
Y i  4 

The total  enthalpy is  constant by Eq. 3 and is f u r t h e r  defined by 

:i 

(4) 
\:-- 

H =  - t  UZ ai h i  = const /,- 2 
i =  1 

w h e r e  h .  is the p a r t i a l  enthalpy of the i - th  s p e c i e s .  If we d e s c r i b e  the 
1 

m - t h  c h e m i c a l  reac t ion  involving r e a c t a n t  s p e c i e s  R i  in the g e n e r a l  f o r m  

x 4, 
(5) 

then the r a t e  of format ion  d u e  to the m-th reac t ion  can  be w r i t t e n  
Y i  

I I t  

w h e r e  yi is the concentration (moles/unit  vol.) of the i - t h  s p e c i e s ,  v 1 

m i  
I1 . a n a  vmi a r e  e i ther  z e r o  o r  positive i n t e g e r s  and  the f a c t o r s  fm and b,,the 

b r w a r d  and backward reac t ion  r a t e s  a r e  functions of t e m p e r a t u r e  only. Then  - 
(7) 
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The m a s s  f r ac t ion  a and rnolc coiicericratlon yi are re la ted  by i 

- where  W .  is the molecular  weight .  
1 

In addi t ion to  the conservat ion equat ions the g a s  m i x t u r e  obeys  the 

equat ion of s t a t e  which can be wr i t ten  

( 9 )  p = R T  Y 

where  N 

F u r t h e r m o r e ,  t h e r e  e x i s t  L linea;. re la t ionships  among the s p e c i e s  

concent ra t ions  cor responding  to the cons tancy  of each  of the L e l e m e n t  

m a s s  f r ac t ions .  

As seen f r o m  the above Eq. 5 i t  i s  n e c e s s a r y  to have detai led infor -  

mat ion concerning the na ture  of the cnemichl  r eac t ion  s t e p s  and of all 

the r eac t ion  r a t e  cons tan ts  appearing in the cherhical  genc ra t ion  d e s c r i b e d  

by Eq. 6 .  A s  mentioned e a r l i e r ,  this: i s  in s e n e r a 1  a v e r y  difficult t a sk  

for  the physical  chemis t .  It i s  t he re fo re  v e r y  for tuna te  that  in the case of 

the hydrogen-a i r  r eac t ion  which is of ._ ; r?d t  i n t e r e s t  in hypcrsori ic  engine 

technology,  the c h e m i s t r y  and ra te  k ine t ics  a r e  known i n  sufficient detai l  

to m e e t  the needs  a t  hand. I t  has  been founcl that  c ight  fo rward  and eight  

backward  r eac t ions  involving six r eac t ing  spec ie s  plus  n i t rogen  as an  i n e r t  

g a s  d e s c r i b e  the e s s e n t i a l  mechanism a t  the t e m p e r a t u r e s  of i n t e r e s t .  

T h e s e  a r e  l i s t e d  as follows: 
f 

b 
(10) 1. H t O z p O H  f 0 
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w h e r e  M is any s p e c i e s  actin,: ‘1s ; I  t h i r d  bociy. Thc  seven  s p e c i e s  

13, 0, H 0, OH, 0 , H3 and N > arc- nt imbered r c spec t ive ly  f r o m  1 
2 2 L  - 

to  7 and f o r  l a c k  of b e t t e r  iniorin;i t ioc,  the concen t r a t ion  of M is 

c o n s i d c r e d  to be equal  t o  the  s u m  or̂  a l l  sc’ven of the s p e c i e s  concen-  

t ra t ions .  
t 

The co r re spond ing  reactiuri  T ‘ L ~ L .  c o ~ i l i c i C i i t ~  W L T C  csstimatcd (Ref. 6, ? )  

as  fol lows:  

14 -mo l - r  
f = 3 x 1 0  e 
1 

L- 

14 - - 3 O Z O / T  
f = 3 x 1 0  e 

3 
14 - 3 0 2 0 1 ~  

f 4 = 3 x 1 0  e 

19,r-1 -54, 0 0 0 / T  

21 -1 - 0 2 , 2 G O / T  

f = 20.8 x 10 c 

f 6  = 30.6 x 10 T c 

5 

-1 -60 ,60O/T  f8 = 2 . 9  I O ~ ~ T  e 

t 
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14 -9080/? ’  b a 4 x l O  e 
1 

14 -3030/T 
b ~ 3 x 1 0  e 

2 

14 -1260/T 
b n 3 x 1 0  e 

b 3 3 x 1 0  e 

3 

4 

14 -1260/T 

21 -1.5 -52,00O/T 
b =10  T e 
5 

-58,00O/T b6 1023T-1* 5e 

-1. 5 -51,00O/T 
b7 ~ 1 0 ~ ~ 1 ,  e 

-2.5 -59 , 6 O O /  T 
e i 

T i s  the absolu te  t c m p c r n t u r e  i n  degrees Kclvin. The r a t e s  f1-f8 

3 6 2 
and b -b  a r e  i n  uni ts  of c m  / m o l e  stsc while b5-b are  i n  c m  / m o l e  S C C .  

1 4  5 

The in tegra t ion  of the abo\.r: s y s t ~ ~ m  of equat ions i s  a s imple  m a t t c r  

011 l a r g e  sca l e  digi ta l  computtsrs an& w a s  c a r r i e d  out lo r  one-d imens iona l  

f lows  a t  a number of organiza t ions  durin,: thc r e c e n t  y e a r s  (Ref. 8). It 

was noticed dur ing  t h e s e  ca lcu la t ions  that t hc  s t e p  s i z e s  imposed  by the 

Runge-Kutta and p r e d i c t o r - c o r r e c t o r  tarror con t ro l  c r i t e r i a  w e r e  e x t r e m e -  

l y  s m a l l  even  though it appeared  tha t  t h e r e  w e r e  negligible chemica l  changes .  

1 
i n  the g a s  s t r e a m .  Y e t ,  when the s t e p  s i ze  was  i n c r e a s e d ,  violent 

n u m e r i c a l  osc i l la t ions  of the reac t ive  spec ie s ,  0, H ,  OH, and H 0 2 

o c c u r r e d .  This behavior  of t h e  computa t ions  w a s  a l r e a d y  well known 

and was d i s c u s s e d  i n  connect ion with chemica l  k ine t i c s  p r o b l e m s  as long 

ago as 1952 by C u r t i s s  and Hi r sch fe lde r  (9)  and as r e c e n t l y  as 1962 by 

H i r s c h f c l d e r  ( i o )  as  well  as  many o the r s .  C o m p a r i s o n  was  made in  



these r e f e r e n c e s  with the " s t i f f  equation" p rob lem occur ing  in  o v e r -  

cont ro l led  se rvomechan ica l  sys t em s. 

The phys ica l  b a s i s  of tne "s t i f fness"  can be' somewhat  c l a r i f i ed  by the 

following reasoning .  

r eac t ion  generatirlg w a t e r  (y3)  rc r la i res  the expendi ture  of OH radicals (y 4) 

i . e . ,  

It is notcd from Eqcat ions (IO)-( 17)  tha t  e v e r y  

3 3  y 3  
- a  - 

+ 3  - a34 y4 

w h e r e  

a = b  t D y t i .  Y 
3 3  3 9 4 2  0 

and the ba lance  of OH is control lcd by t h e  equat ion 

t (sun-, of the o the r  t e r m s )  y 4 =  - a  44 y 4  
I 

w h e r e  

a = a34 + b l  y2  T G~ y1 t f7 Y 44 

I 

Since  the concent ra t ion  of the 01-1 r ad ica l  (y4) i s  always smal l ,  and s ince  

the r a t e  of product ion of w a t e r  in the hydrogen-a i r  r eac t ion  is v e r y  fast, 

the coef f ic ien t  a34 of 1'4 in Equation (19) m u s t  be  very l a r g e  and in t r in s i ca l ly  
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c 

posit ive.  It is a l s o  noted that  the coefficient a44 of y4 in Equation ( 2 )  

I ' is neve r  s m a l l e r  than a34 and i s  therefore  a l s o  v e r y  l a r g e  and posi t ive.  

I .  

I t  was found that  during the ini t ia l  anci f inal  s t ages  of the reac t ion  (which 

are the t roublesome reg ions ,  ana  the "sum of the o ther  t e r m s "  do not 

I vary too rapidly and the Equation (20)  can be desc r ibed  qualitatively (though 

I somewhat  c rude ly)  b y  the uncoiipled l i nea r  equation in which a = a44 is 

I v e r y  la rge  

The solution of the finite difference sys tem approximating th i s  equation 

has  the f o r m  

2 1 = a  n yo  t --(I- b 
y n  ii 

where  

a = ( 1 - a A s )  - E d e r  integrat ion 

or 

Aside  f rom any  questions of t runcat ion error it can be show that n u m e r k a l  

instabi l i ty  will  r e s u l t  for absolute values  of 3.5'. g r e a t e r  than two and spur ious  

for  a 6 s  g r e a t e r  than one. 

magni tudes of the o r d e r  of 1 /a which i s  a ve ry  s e v e r e  cons t ra in t .  

the above type of s ize  l imitat ion has  been respons ib le  fo r  mean ing le s s  resul ts .  

The s tep  s i ze  m u s t  therefore  be bounded by 

Exceedixg 
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I Observance  of the l imitat ion ( to  t ime i n c r e m e n t s  of the o r d e r  of s e c )  

has contr ibuted g r e a t l y  to  the difficulty in appl icat ion of n u m e r i c a l  me thods  

to engineer ing  combustion problems.  I t  is f u r t h e r  t o  be  noted tha t  t h e  

difficulty of c a r r y i n g  out finite ra te  calcu1;Ltions in  the neighborhood of 

chemica l  equi l ibr ium i s  r e l a t ed  to th i s  s ; ~ ~ r n e  p rob lem of s t i f f  equat ions 

and  small  s t eps i ze .  

F a c e d  with thc ur;cnt need for a p rac t i ca l  solution of th i s  d i l e m m a ,  

a v e r y  detai led invest igat ion of the n;it\.i-c of the chemica l  equat ions in the H z -  

air r eac t ion  was  ini t ia ted a t  G A S L ,  R c f e r e n c e  11. In pa r t i cu la r  the  second 

named  author  of t h i s  pape r  P i - O C ~ ' '  f( .dt;y reducing the s p e c i e s  continuity 

equat ions  to  four th  o r d e r  by  csixi< ~ ~ l c ~ , ~ ~ : ; :  conserva t ion  which was u s e d  

to  e l imina te  0 2  and iY2 s o  that thc r ema in ing  equat ions  can be wr i t t en  in  

t e r m s  of the ac t ive  s p e c i e s  X , O ,  i-i 0 <t ;>c i  OX. I t  w a s  found by n u m e r i c a l  

expe r imen ta t ion  tha t  the m o l a r  r a t e s  of formatior .  

divided into *.ree pr inc ipa l  groups.  

2 

could be Y 1  to Y 4  

These  w e r e  o l  the f o r m  

i, J,  k =1-4  
i 1 K  . J J 

w h e r e  A i ,  B . .  and  Cijk r e p r e s e n t  slowly varying functions.  

and n e a r  equi l ibr ium p h a s e s  of the rersction (which w e r e  the numer i ca l ly  

In the in i t ia t ion .  

' 
1J 

r e c a l c i t r a n t  p h a s e s )  i t  was found tliat the t h i r d  t e r m  (the s u m  of quadra t i c  

t e r m s )  w a s  s e v e r a l  o r d e r s  of magnitude s m a l l e r  than the first two cont r ibu t ions .  

This  and  the n e a r  s t r a igh t  l i n e  var ia t ion  of the mass  f r ac t ions  obtained in 

R e f e r e n c e  5 when plotted ( v e r s u s  t i m e )  on a semi log  plot F i g u r e  11 ,  sugges t ed  



that  the s p e c i e s  conserva t ion  equations w e r e  e s sen t i a l ly  n e a r - l i n e a r  

with n e a r  -constant  coeff ic ients  and that l inear iza t ion  techniques should 

be v e r y  useful  in  th i s  sys t em.  

expanding the products  of the concent ra t ions  in a Tayl o r  s e r i e s ,  re ta in ing  

This 1ii:earization was  c a r r i e d  out by 

only t e r m s  of ze ro th  and f i r s t  o r d e r :  

The conserva t ion  of spec ies (Equat ion  1 )  c;in then be wr i t ten  i 

w h e r e  

The e x p r e s s i o n  of the spec ie s  conservation equat ion i n  t e r m s  of the 

concent ra t ions  y ins tead  of the m a s s  f r ac t ions  ai is a ‘conyenience because  i 

then the ci and a . .  depend only o n  t e m p e r a t u r e  ins tead  of both t e m p e r a t u r e  
1J 

and p r e s s u r e  which would be  o therwise  rcqui red .  The condensat ion 6 is 

a s s u m e d  cons tan t  ove r  a single calculation s tep.  F o r  a given s tep ,  coeff ic ients  

c i  a n d  aij,  a r e  functions of the init ial  va lues  of the concent ra t ions  yi and  the 

t e m p e r a t u r e  To ,  which is l ikewise a s s u m e d  cons tan t  a t  the in i t ia l  value for  

4 

0 

, 
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the step. 

Under the above a s sumpt ions  the sys tcn i  Equat ion 2 3  can be so lved  f o r  

a s ingle  calculat ion s tep .  

The coeff ic ients  a r e  wrir ten out in  de ta i l  in  R e f e r e n c e  11 . 

F o r  a cons tan t  o r  p r e s c r i b e d  p r e s s k r e  var ia t ion  along the flow the 

veloci ty  is de t e rmined  by Equation ( 2 )  and the t e m p e r a t u r e  f r o m  Equation (4 ) ,  

using piecewise parabol ic  t e m p c r a t u r e  fi ts  to d e s c r i b e  the s p e c i e s  en tha lp ies  

hi(T)  

However ,  the t e m p e r a t u r e  i b  2150 JpC:cificd b y  the equat ion of s t a t e ,  

Equat ion  (9)  when the p r e s s u r e  is spec i i i cd .  Since these  two values  of 

t e m p e r a t u r e  denoted by T(p)  A:I(; T ( h )  a r e  xot in g e n e r a l  equa l ,  a second 

chaice of 

T (h )  noted. An interpolat ion and iteratiGI1 p rocedure  is then u s e d  to m i n i m i z e  

is made and the solution procedure r e p e a t e d  a n d  the e r r o r  T(p)- 
I 

the  e r r o r .  The derisity at t h e  c: ic l  of tlic s t c p  is theri computed from 

-7 

It w7ill be noted tha t  the s y s t c r n  or' Eqriation ( 2 3 )  a s  defined above is 

p iecewise  l i nea r  and  amenablc  ta  many solution techniques o the r  than 

Runge-Kutta o r  p r e d i c t o r - c o r r e c t u r .  

The i l r s t  solution procedi i rL  L S C ~  wds by determinat ior)  of the 

exponent ia l  solutionb. The prot1t.m of stclbility t h e r e f o r e  did not a r i s e .  

S ince  the equat ions  ac tua l ly  behave  li!cc l i nea r  equat ions  with constant  

coeff ic ients  a t  ini t ia t ion and n e a r  cqui l ibr ium,  i t  w a s  not s u r p r i s i n g  tha t  the 

s o l u t i o n s  w e r e  found to extend with a c c u r a c y  o v e r  s e v e r a l  o r d e r s  of magni tude  



that  the cn t i r c  r eac t ion  could b k s  2cbscr:bed with a s c f u l  a c c u r a c y  i n  a s  

l i t t l e  a s  10 s t e p s  w h e r e a s  i f  40 stc!is \ v c ’ r c  used ( t a k i n g  4 scconds  on a n  

IBM 7094)  the r ebu l t s  w e r e  prac t ica l ly  indis t inguishable  f r o m  the Zunge-  

Kutta ,  It is a l s o  pred‘ ic tor -cor rec tor  solcitiona dsin,: about 10, 000 s teps .  

s ignif icant  to note that  even wi:h thL c r u u e s t  s t e p s i z e s ,  the asymptot ic  

va lues  o i  the solut ions a r e  c o r r e c t l y  reached .  Some c u r v e s ,  F i g u r e  12 

i l l u s t r a t e  t h i s  r a t h e r  well. I t  will bc: notcd tha t  the  p e r m i s s i b l e  s t cps i ze  

at the  beginning and a t  the cnd of tiic r cac t ion  (equi l ibr ium)  become v e r y  

l a r g e  in  comple te  r e v e r s a l  o i  thc r t ~ ~ ~ ~ : ~ i - e t n c n t s  of the Rungc-Kutta procedure .  

The exponcntial  solution tt,ciinicirit. ; ire sents,of c o u r s e ,  no  difficult ies i n  

the hydrogen-a i r  r cac t ion  w h i c h  i s  rc-c:ucible to  a fou r th  o r d e r  sys t em.  But 

CASL i s  a l s o  much concerncsd witli c l ic .xicci l  s y s t e m s  such  as me thane -a i r  

combnst ion  w h ~ c h  ha.; th i r tccn  spcbcics rt,iiticiblc o n l y  to nine. The de t r r rn ina t ion  . 
o i  the e igenvalues  of the gene rn l  non-sy ixmetr ic  ninth o r d c r  t na t r ix  is  a 

c l u m s y ,  t i m e  consuming and not v e r y  dccura t e  ope ra t ion  even  on the l a r g e s t  
f 

avai lab le  compute r s .  

examined .  Among the in tegra t ion  ine thads  tha t  r e s u l t e d  in  s t ab le  n u m e r i c a l  

s equences  w e r e  the subdomain method, l e a s t  s q u a r e s  and Galerkin.  Undoubt- 

Other  numer i ca l  solution p r o c e d u r e s  w e r e  t h e r e f o r e  

ed ly  o t h e r s  a r e  possible.  The subdomain method (Ref. 12)  was  found to  be 

p a r t i c u l a r l y  convenient  for  numer i ca l  aFplication to l a r g e  o r d e r  s y s t c m s .  

In o r d e r  t o  i l lumina te  the r e a s o n  tha t  ins tab i l i ty  was so success fc l ly  

e l imina ted  by  th i s  mcthod i t  i s  useful t o  cons ide r  appl icat ion of the sub-  

domain method to  the f i r s t  o r d e r  equation. (Equat ion 2 )  whosc s tab i l i ty  was 

c o n s i d c r e d  previous ly  f o r  the Euier  E,CG Runge-Kutta solutions.  
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Using a n  a s  surned parabol ic  vLLrifi:ian af conceot rs t ion  with t i m e ,  

subst i tut ing the p r a b o l a  with unc:cterrriinL>d coeff ic ients  in Equat ion ( 2 1 )  and 

set t ing to  z e r o  the in t eg ra l s  of tbx  r e s i i i u e  taken between 0 and  ~ / 2  and 

between ~ / 2  and A ,  (’nough conciitians ase sa t i s f i ed  such  that s u c c e s s i v e  

solut ions a r e  r e l a t e d  by thc d i f fe rence  cquation 

w h e r e  

1 

T h i s  can  be  in tegra ted ;  

w h e r e  
a A  & , = I - -  
Do 

The quant i ty  a A  / D is a posi t ive number  iying between z e r o  and  . 9 3 .  It 
0 

f o b w s  that the  solution Equat ion (27 )  cannoi  osc i l la te  bu t  i n s t ead  approaches  

the c o r r e c t  a sympto t i c  value,  b / a .  

The extens ion  of the above mctliod t o  h r g e  s y s t e m s  such  as the 

hydrogen and  methane oxidation rc.;ictio:is has been  c a r r i e d  out s u c c e s  s iul ly .  

An a c c u r a t e  calculat ion of a complcte  hydrogLln r eac t ion  r e q u i r e s  l e s s  than 

10 seconds  of 7094 computer  t ime and thc me thane  r eac t ion  t akes  about  

20 to 30 seconds .  

I 

i 
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I Step Two: Coupled Diffusion and Chemical  React ion in S h e a r  F lows .  i laving 

el iminated the obstacle  of s m a l l  chemica l  s t e p  s i z e ,  t h e r e  r e m a i n s  the 

problem of coupling the above descr ibed  technique of chemica l  computat ion,  

which is a one-dimensional  p r o c e s s ,  with s h e a r  flow, which is at l e a s t  two- 

dimensional .  The problem was  dpproached b y  spli t t ing the s p e c i e s  mass  

f rac t ions  into two components ,  one of which sa t i s f ied  a portion of the 

s p e c i e s  conservat ion equation containing the diifusion o p e r a t o r  but no 

chemica l  generat ion w h e r e a s  the other  component did the r e v e r s e .  
i 

F o r  

purposes  of exposi t ion,  the conservat ion equat ions a r e  wr i t ten  below f o r  a 

twoadimensional  s teady  boundary l a y e r  flow with Lewis  and P r a n d t l  n u m b e r s  

equal  to unity and the equations a r e  c a s t  in s t r e a m  function coord ina tes .  

(Note that these  s implif icat ions w e r e  not actual ly  m a d e  in the p r a c t i c a l  c a s e ,  

nor  w e r e  the equations actual ly  wri t ten in these  coordinates .  ) 

I t  is clear that  the above equations p r e s e n t  no n u m e r i c a l  p r o b l e m s  

iq integrat ing in the c a s e  that yiis z e r o .  F o r  unequal to z e r o  we define 
Y i  

I 
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and 

Then in  o r d e r  to sa t i s fy  Equiition (28),  q i  m u s t  s a t i s f y  

( 3 3 )  

In the above, can  b e  cons idered  l i nea r i zed  and the 3 .  and A . .  ”i 1 1J 

coeff ic ients  differ f r o m  the ci and  a. 

the W i /  u f ac to r .  

of Equat ion ( 2 3 )  vxily by inc!iid;-- *&as 
lj 

r 
It is poss ib le  to fix the ini t ia l  conditions for  pi and qi at the beginning 

of a computat ion s t e p  in m o r e  than one way. In p a r t i c u l a r ,  it is poss ib le  

to a s s u m e  the combination 

yk) qi (x 8 Yk) = a (x,. 
n+O i 

i 
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The subsc r ip t s  n ,  k a r e  chosen i n  antidipation of the finite difference ne t  

formulat ion,  and the added z e r o  to n t 0 is r equ i r ed  s ince  p and q a r e  in 

gene ra l  s t r e a m w i s e  discontinuous a c r o s s  a ne t  point although the i r  sum 

'a is continuous. 

The choice of ini t ia l  conditions t u r n s  out to be i r r e l e v e n t  for  e i the r  

expl ic i t  o r  impl ic i t  computations insofar  as  numer i ca l  s tabi l i ty  is concerned 

Consider  the expl ic i t  formulat ion with condi t ions,  Equat ion ( 3 5 ) .  Then 

the di f fe rence  equation corresponding to Equation ( 3 2 )  becomes  v e r y  s imple  

(the pi becomes  uncoupled) and the solution can be wr i t t en  

where  the ope ra to r  L is intended to  indicate the ve r t i ca l  shif t  a n a  summing k 

o p e r a t o r ;  

(35 )  

L p . ( n ,  k )  E 1 / 2  (f  + i  ) p.(n,  k + 1) - (fk+ f 2i + f  ) p  ( n ,  k) 
k i  k+l k i k k-1 i 

-t ( f  + f ) p . ( n ,  k-1) k k-1 1 

Then the solution a i ( n t 1 ,  k )  t e r m  i s  the c h t n g c  in chemica l  composi t ion over  

the diffusion s t ep  in which pi  is a s s u m e d  t o  r e m a i n  constant  and is calculated 

f r o m  the subdomain c h e m i s t r y  routine as previously d e s c r i b e d  for the 

equation 
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where  a . (n ,  k) is  de t e rmined  a t  the (n ,  k) m e s h  point. 

Equation (40) c a n  then b e  expres sed  formal ly :  

The solution to  
1 

It should be  noted that  pi need not be kept  constant  in (40)  but  can  be  

t r e a t e d  in the subdomain method as a known d is t r ibu t ion .  

Equation (39)  becomes  

Q ( n +  1,  k) = M  Q (n ,  k )  + i .-.(n, k) 
i i j  j 1 

M = 6  +M6 L + D  
i j  i j  i j  k i j  

1 i =  j 

AS v=-> 
( A @ ) "  

F o r  s tab i l i ty  the eigenvalues  of M m u s t  all  have absolute value l e s s  than one. 

In o r d e r  to examine the s tabi l i ty  of this  s y s t e m ,  the approximation 

f k t l  - - fk = f k - l  was  made  in  Equation (38) so  that the von Neumann approach  

is appl icable .  Then 

(43) 

The s tabi l i ty  condition can then be  s ta ted  

-1 < A i 1 - 2y-( fk( l -cos  0 )  < 1 
D 

where  A is the. r e a l  p a r t  of a n y  eiger,value of D. 
D 

Then 
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2 A D  
AD < v? c 

2f ( 1- c o s  e )  Lik(l-cos 0 )  
k 

4 

The lower l i m i t  r e q u i r e s  thatX be negative and  the upper l imit  that 
D 

(45) 
2 h D  

4 f  
.d 

k 

and that  be not  l e s s  than - 2 ,  i. e .  , 
D 

In o r d e r  to  e s t i m a t e  the eigenvalues  of D i n  an  analyt ic  f o r m ,  we 

are  unior tunateiy forced  again to consider thc  uiicoiipled eqiiivalerit of 

Equations(40) and (41). The solution in th i s  c a s e  f o r  a two s t e p  (parabol ic )  

subdomain technique is  

(47)  

w h e r e  

(48)  



so tha t  

(49 1 

2 8  

Th i s  s a t i s f i e s  the r e q u i r e m e n t  (46). F o r  a one-s tep  ( l i n e a r )  sub-  

domain technique,  the uncoupled equat ion g ives  the s a m e  f o r m  of 

solution as (47)  except  that  

A As 
D d D = l -  

1 2 
(50) 

and 

The inequal i t ies  of Eq. (51) f o r  the one - s t ep  subdotnain technique 

s t i l l  sa t i s fy  Eq. (46) but with all of the approximat ions  made,  i t  i s  

probably a poor r i s k  for c o ~ p l e d  diffusion. J u s t  as  the eigenvalues  of 

the magnif icat ions m a t r i x  depend on the o r d e r  of the f i t ,  so  it also 

v a r i e s  somewhat  when l e a s t  s q u a r e s  o r  Ga le rk in  methods a r e  used. 

It c a n  be shown i n  a s imi l a r  way that  u se  of Condition (36) r e s u l t s  

i n  a comple te ly  cquivalcnt  s t c p  s i ze  c r i t e r i a .  

It w a s  f u r t h e r m o r e  found, on tne b a s i s  of the s a m e  h e u r i s t i c  type 

of r eason ing  tha t  the impl ic i t  coupled p r o c e s s  i s  unconciitionally s table .  

vVc wish to r e m a r k  a t  t h i s  t i tnc that  the s tab i l i ty  ana lyses  outlined 

above l eave  much to  be d e s i r c d  f r o m  the point of view of exac tness  or  

thoroughness .  Neve r the l e s s  they s e r v e d  t h c i r  purpose  i n  that they  i l l u m -  

ina t ed  the l andscape  in to  which wc: were  ventur ing and made  it possible  

1 
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to  e s t ima te  r a t h e r  well  the o r d e r  of effor t  requi red .  

In  appl icat ion of the fore;;oing to  physical  p r o b l e m s  an  a x i s y m -  

m e t r i c  configurat ion was cons idcred ,  both because  of convenience in  
I , 

adapting exis t ing p r o g r a m s ,  and because  of the avai labi l i ty  of e x p e r i -  

mental  r e s u l t s  with which c o m p a r i s o n s  w e r e  poss ib le  and desirabJe.  

Since the f lows c o n s i d e r e d  w e r e  turbulen t  the io rmula t ion  of the 

conse rva t ion  equat ions ,  f o r  a n  ax i syminc t r i c  tu rbulen t  flow w a s  based  

on that  o i  the paper  by Zeiberg  and i3leich (Ref. 13): 

U 

* I n  the above, ' L e  i s  the turbulent  Lewis  n u m b e r ,  u the  turbulen t  

- 
P r a n d t l  number ,  C the mixttirc spec i f ic  hea t  and c the turbulen t  v i s -  

cos i ty .  In v i ew oi the turbulent  na tu re  and the uncer ta in t ies  of the 

P 
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mixing i n  the i low all just i f icat ion f o r  u s e  of mul t i spcc ie s  diffusion 

coeff ic ients  d i s a p p e a r s  s o  tha t  a s ing le  Lewis  number  i s  i n  o rde r .  

The de termina t ion  of a modcl t o  be used  f o r  dcsc r ip t ion  of the  

turbulent  v i scos i ty  is  a subjec t  of cons ide rab le  difficulty,  e spec ia l ly  

fo r  j e t  f lows with la rge  dens i ty  g rad ien t s  as  o c c u r s  i n  connect ion 

with a j e t  of hydrogen into a i r .  A d i scuss ion  of the p r o b l e m s  involved 

is p resen ted  i n  Ref. (1) and the r c s u l t s  of m o r e  r e c e n t  work  will be 

presented i n  London (Kef. 2 )  tomorrow. F o r  the pu rposes  of ou r  

combust ion  s tudies ,  w e  have  therefore l e f t  open it s m a l l  b lack  box * 

i n  ou r  digi ta l  compute r  labeleu clddy v i scos i ty  into which we pour 

any  model o i  v i scos i ty  that s e e m s  appropr i a t e  at thd mo:nent., 

The p r o g r a m  was f i r s t  t r i e d  on f o r  s i ze  on a 4- inch d i a m e t e r  

je t  f l o w  which was of s o m e  i n t e r e s t  i n  connection with a high-alt i tude 

fue l  dumping problem.  The je t  of hydro,;en i s s u e d  at  1038 f p s  and 

0 t e m p e r a t u r e  of 276 K in to  ;1 hot high-speed e x t e r i o r  s t r e a m  of air 

moving a t  3069 f p s  and t e m p e r a t u r e  1388.5OK. Both s t r e a m s  w e r e  

a s s u m e d  at . O l  a t m o s p h e r e  p r e s s u r e .  

The v is2os i ty  model  used in  th i s  c a s c  was given b y  

where  r is  the radius  at  which p u  i s  the m e a n  value between p u 
1 /2  e e  

and  p . u .  The resu l t ing  calculat ion (Fig.  13)  showed the ex te rna l  s t r en ix  
J . j  



then a t  a d is tance  of about 4 i c t . t  r c v c r s c . s  and s t a r t s  t o  htaat u p  so , 
tha t  a peak t e m p e r a t u r e  dcvc-lops ;it <ibout .L5 f ce t  f ro in  the ax i s .  

The t e m p e r a t u r e  peak then sh i f t s  to ti?<- tixis which has aevvlopcd a 

f a i r l y  l a r g e  m a s s  f r ac t ion  of ox),c.n (i.’ig. 14). A S  burning proceeds 

t h i s  f r e e  oxygen :hen rap id ly  r c a c t s  \ v i t h  the excess  hydrogen on the 

axi s. 

t i rne,  but was prtsenttAd bcc<iusc i t  s h o t s >  (1) the non-exis tence of a 

peak in  tne hydrogcn-a i r  mis ing  l*i,siuil. 4 

A second c a s e  t r e a t c d  \ v < i h  that  t i i c :  0. 6- inch ciinrnetcr hycirogen 

j e t  mentioned car i icrr  i n  connt.ction w i t h  m a s s  diifusion contyol. H e r e  

thc: p r e s s u r e  d is t r ibu t ion  mc;:surc.d alon ~ t h i s  a x i s  v a r i e s  r a t h e r  s t rong ly  

both below arid ;ibovc atmosp!ic.ric p r t . ~ ~ u r ~ : .  Calcu la t ions  werc  m a d e  

assumin,: that  the s t a t i c  p r e s s u r < ’  i s  , t ; ~ p r a x i m a t e l y  constant  a c r o s s  any 

c r o s s  scc t ion  of the je t  and ch;i:iAes only CAlang the je t .  Such ca lcu la t ions  

made  with svvc ra l  different p r c . s s u r e  ciistriautions showed s t rong  resu i t ing  

ax ia l  s tagnat ion t e m p e r a t u r e  v a r i a t i o n s  ( F i g .  15). The c u r v e  computed 

usin:< a p r c s s u r c  dis t r ibut ion simu1;iting the m e a s u r e d  d is t r ibu t ion  (F ig .  16) 

showed exce l len t  a g r e e m e n t  wi th  the m e a s u r e d  ax i s  s tagnat ion t e m p c r  a tu re .  

Radia l  s tagnat ion t e m p e r a t u r e  var ia t ions  m e a s u r e d ,  a i  s ta t ion  x = 0. 9 i t  
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a l s o  agrcbcd v e r y  w e l l  with c:..lc{ii'i c d  v:iiucs, (Fig.  17). The f l a m e  , 

shape (Fig.  18) was not too w c i l  s: rnda tec  and the complcx  p r e s s u r e  

f ie ld  m a y  have something t o  cio with th i s .  

The th i rd  c a s e  cons ide red  w a s  of the a x i s y m m e t r i c  f l ame  p ropa -  

gation f r o m  a pilot f l a m c  into a p remisc .d  hydrogen-a i r  f low a t  a t rnos-  

pher ic  p r e s s u r e ,  300 K and 2103 f p s  a116 with equivalence r a t i o  of one. 

T h i s  i s  the -case r e f e r r e d  to  i n  conncc t ion  with combust ion  con t ro l  by 

t h e r m a l  conduction and diffusion c.om!>incd with s p e c i e s  diffusion. In 

Fig. 19 w e  havc  plotted the c;Ilculatc!d i s o t h e r m s  f o r  thc  flow. It i s  

s e e n  that  the pilot f i rs t  cools  '31:~ thtan the t c m p e r a t u r e  r i s e s  rap id ly  

0 

on parallc.1 cones  with 

a g r e e m e n t  wi th  the  o b s c r v c d  <ingle, o i l  : i i L >  e xpe r imen ta l  c o u n t e r p a r t  of 

slopc' o f  about  l G o .  Th i s  anglc i s  i n  exce l len t  
I 

t h i s  calculation. In  F i g .  20  U J C  havc iclrtilcr plotted the computed 

tkc> streatnli t ies:  Dehave v e r y  rcnsonabiy, curv ing  a w a y  f r o m  the axis i n  

f r o n t  of thc f l a m c  and straightening ocit 111 the f lame.  The s t r e a m l i n e s  

do not become comple te ly  s t ra ight  on  the f igure  because  the hea t  rc lease  

i s  not en t i r e ly  comple te .  Thesi: r e s u l t s  s e e m  t o  ind ica te  v e r y  good 

a g r e e m e n t  of the theo ry  with cs2crimc:nt  i n  th i s  type of, f l a m e  propaga-  

t ion  problem. 

In a sense  Fig.  20  also iridicatcs the l imi ta t ions  o i  the method of 
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computat ion, '  s i n c t  thc curvaL1ire of thc aL:-caL:ilinc s increasc:s indefinit-  

e l y  with dis tance away f r o m  the ;ixis. Such a f l o w  cannot (:xist a t  l a r g e  

radial' dis tance  without development of ? r e  s s u r e  g rad ien t s .  

Step Three :  Supcrsonic  Cotnbus:ion u.it!i P re s su re  Grad icn t s  a n d  

Mixing. The a s sumpt ion  i n  the ana lys i s  oi the combust ion  that  t he  

s ta t ic  p r e s s u r e  i s  cons tan t  iit a n y  given sec t ion  notably s impl i f i e s  the 

problem.  However,  i t  i s  not sufficiently accu ra t e  f o r  such  pu rposes  

as  the detai led ciesign of combustion ciiambcrs; because  of the l a r g e  

va r i a t ion  oi t e m p e r a t u r e  and dtinsi ty  produccd 1ocally by  the r eac t ion ,  

a s  pointed out i n  the Introduction. 

F o r  the type of p r o c e s s  analyzed the c h e m i c a l  r eac t ion  p r o d u c e s  

much l a r g e r  p r e s s u r e  va r i a t ions  than the diffusive p r o c e s s ,  and i s  tne 

m a i n  c a u s e  of l a r g e  p r e s s u r e  gradient's. In th i s  c a s e ,  it can  be a s s u m e d  

i n  the ana lys i s  that  thc var ia t ion or' ; ) r c s s u r e  due to  mixing is  smal l  

c o m p a r e d  to the va r i a t ion  oi p r e s s u r ( :  p rodaced  b y  the r eac t ion  ana  c a n  

be ca lcu la ted  as  a per turba t ion  of a bas i ca l ly  inv isc id  f low.  , ' hen  t h i s  

a s sumpt ion  i s  in t roduced ,  an approximate  analyt ical  'method c a n  be 

devclopcd which t akes  in to  account the complex p r e s s u r e  va r i a t ions  due 

t o  r c a c t i o n s  (Ref.  14). Since these  p r e s s u r e  a r e  usua l ly  d e s c r i b e d  i n  / 

t e r m s  of a c h a r a c t e r i s t i c  network,  t h i s  wds taken as  the b a s i s  for a , 

ca lcu la t ion  procedure .  rVc write  the exac t  equat ions f o r  supe r son ic  

i l ow with diffusion and chemica l  e f f ec t s ,  putting the u s u a l  inv isc id  flow 
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t e r m s  on thc lcit-liar,d sicic a n a  t h c :  rc~n: i in ing  t c r m s  on tP,c r igh t -  

hand side.  Such a s y s t e m  c a n  'uc io r rna l ly  t r a n s f o r m e d  into a s y s -  

t e m  i n  which different ia t ion a l o n g  s:L*L*a:n;incs and c h a r a c t e r i s t i c s  

can  be p r e s c n t  only i n  the  1c:it-il;inci s idc .  A f o r m a l  solution of th i s  

s y s t e m  involves  (1) the dcterrnLndtion 01 thc i n t c r  scc t ion  of c h a r a c t e r -  

i s t i c s ,  ( 2 )  the  solut ioa of tilt. coinp;-iti!>ility cqua t ion  along the c h a r a c t e r  - 

i s t i c s ,  and ( 3 )  the  solution of ti;c ~ n e r g y  cquat ion along the s t r eaml ine .  

4 

known techniques.  The coe.ificic,nts o:i thc lef t -hand s ide  oi  t hese  equa -  

t i ons  contain the cont r i5 i ; ions  o! tkc ;::viscid c i f cc t s  only. In a c h a r a c t e r -  

i s t i c  s t e p  such  cont r ibu t ions  sp:>l*O>iiin<ited a t  t h e  ini t ia l  points and 

a f i r s t  approximat ion  o i  prc:ss<i:-c: . c t i . d  t .n thci lpy is made at  the i n t e r s e c t i o n  

The aforement ioned  coeif ic icnts  <Ire  zonscqucnt ly  modified,  and the c h a r  - 

a c  t e r i  s t ic  c otn put ation i s  rL-pcatc-d. 

In the two-dimens iona l  c<isc ,  thc momentum equat ions for the  above 

i o r  inuls t ion a r e  : 

( 5 7 )  

(58) 

P qqs+  Ps = A 
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d i rcc t ion  of thc veloci ty  rcl,i?ivL. t o  ci,ginc axis. Thc quant i ty  A 

is given by 

( 5 9 )  

where p i s  the viscosi ty .  

The subsequent  solut ion oi thc. compat ibi l i ty  cquat ions r c q u i r u s  

that  A bt: cons tan t  or  of stn:il! ~ -c l z : i \ -~ !  var ia t ion  during an in tegra t ion  

step. Then the in i t ia l  computation c a n  bc: made appros ima tc ly  u3ing 

the ini t ia l ly  known value Ao,  io1iowC:d by i t c r a t ion  t o  obtain a m o r e  

accurate inean valtie A.  
- 

'The continuity ec-uation rL: a d s  

S 
9E7 

and the e n e r g y  equat ion c a n  bi. atat\ .d (assu in ing  f o r  s impl ic i ty  tha t  

thc Lewis and P r a n d t l  n u m b e r s  a r e  equ;tl t o  unity) 

c 

where  H i s  the to ta l  enthaipy 

h being the s t a t i c  enthalpy. 

The usua l  neglect  of diffusion along the s t r e a m l i n e  has been  made 

4 
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i n  c o m p a r i s o n  with l a t e r a l  diffusion, 

In o r d e r  to  cotnplcte  the descr ip t ion  of the  s y s t e m  we e x p r e s s  

the enthalpy by means  of the equation 

N N 
d hi  

dt h = 1 h ia i s  + T  S CYi S 
( 6 3 )  

i =1 i= 1 

where Q i s  the tnass f r ac t ion  of sFec ie s  i. F r o m  the equat ion of 
i 

s t a t e  w e  f u r t h e r  obtain 

I 

1 

R being the g a s  cons tan t  and A', thc  rnolcecular weight of s p e c i e s  i. 

The spec ic s  conserva t ion  equ;itions m u s t  t ake  into account  the 

1 

mixing of spec ies  between streacn1inc:s and the change in  m a s s - f r a c t i o n  

of tiit? spec ie s  d:le to  chetnical  :-caction along the  s t r e a m l i n e .  Thus ,  

w h e r e ,  again f o r  s impl i c i ty ,  ;i single  b ina ry  diffusion coeif ic ient  D 

has been  assumc*d. F o r  unit Lewis  number  w e  can  subs t i tu te  

The subscqucnt  a lgebra ic  m;inii)ul.itions to put the cquat ions into 

sui table  c h a r a c t e r i s t i c  f o r m  a r e  tedious s o  that  de t a i l s  should be  soaght  i n  

Ref.  (14). I t  i s  shown that  the th i rd-equat ion  to  be used  with Eq. ( 5 7 )  
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and (58 )  c a n  be put i n  the forti; 

(67)  

where 

n 

dh. 

i d T  
F = T C a -  1 

It is  s e e n  that the v iscos i ty  ci0t.s riot d p p u a r  in (57 ) ,  (58)  

and (67 )  except  on the right-hand s ide  and s o  docs  not d i r e c t l y  

e f fec t  the s t r e a m l i n e  and charact'bristic d i r ec t ions  and the  loca t ion  

of the  net i n t c r sec t ions .  

Conclusion. In conclusion con..;iderable p r o g r e s s  h a s  been  m a d e  

i n  the  ma themat i ca l  t r e a t m e n t  of p rob iems  involving coupled axis f l o w s ,  

diifusion and c!ic,mical react ion.  In pa r t i cu la r ,  the ma lhemat i ca i  d e s c r i p -  

t ion of mul t i spec ie s  chemica l  reac t ions  has  been  v e r y  g rea t ly  expedi ted 

and rcxndered appl icable  to  two-di inensional  f l o w  p rob lems .  A number  

of e x p e r i m e n t s  involving both ini t ia l ly  unmixed and p remixed  hydrogen 

w e r e  avai lable  f o r  c o m p a r i s o n  with calculated r e s u l t s .  Agreement  i n  

many impor t an t  r e s p e c t s  w a s  excel lent .  
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